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The quantum contributions to the gravitational action are relatively easy to calculate
in the higher derivative sector of the theory. However, the applications to the post-
inflationary cosmology and astrophysics require the corrections to the Einstein-Hilbert
action and to the cosmological constant, and those we can not derive yet in a consistent
and safe way. At the same time, if we assume that these quantum terms are covariant
and that they have relevant magnitude, their functional form can be defined up to a
single free parameter, which can be defined on the phenomenological basis. It turns out
that the quantum correction may lead, in principle, to surprisingly strong and interesting
effects in astrophysics and cosmologya.
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1. Introduction
One of the subjects which attract a lot of attention recently is a possible modifica-
tion of General Relativity and its implications for observational and experimental
physics. Along with the long list of possible ad hoc modifications, from the tra-
ditional versions such as scalar-tensor theories and non-linear extensions of the
Einstein-Hilbert action, and up to the galileons and modern versions of massive
gravity, there is one which deserves, from our viewpoint, a very special attention.
Independent on whether gravity should be or should not be quantized, we know that
the matter fields should. Therefore, it is reasonable to ask whether the quantum
effects of matter fields are capable to produce significant effects on the astrophysical
or even cosmological scale.
aBased on the talk presented by I. Shapiro.
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At quantum level the dynamics of gravity with quantum corrections is governed
by the effective equations, coming from the Effective Action (EA) of vacuum Γ[gµν ],
eiΓ[gµν ] =
∫
dΦeiS[Φ, gµν ] , where Φ =
{
matter fields
}
. (1)
In case of renormalizable theory of matter fields we can write
S[Φ, gµν ] = Svac[gµν ] + Sm[Φ, gµν ] and Γ[gµν ] = Svac[gµν ] + Γ¯[gµν ] . (2)
The classical part of the vacuum action has the form
Svac = SEH + SHD , where SEH = − 1
16piG
∫
d4x
√−g (R+ 2Λ) (3)
and SHD includes higher derivative terms.
SHD =
∫
d4x
√−g {a1C2 + a2E + a3R+ a4R2 } . (4)
Here
C2(4) = R2µναβ − 2R2αβ + 1/3R2
is the square of the Weyl tensor and
E = RµναβR
µναβ − 4RαβRαβ +R2
the integrand of the Gauss-Bonnet topological invariant.
At the astrophysical or cosmological scale the quantum corrections in the matter
fields sector can not play an important role. Therefore, from the perspective given
above, the main problem is to evaluate the quantum correction to the classical
action of vacuum, Γ¯[gµν ], at least at 1-loop.
In the case of massless conformal fields Γ¯[gµν ] can be obtained, e.g., by inte-
grating conformal anomaly1,2 (see also Ref. 3 for the technical introduction and
further references)
Γ¯ind = Sc[gµν ] +
β1
4
∫
x
∫
y
(
E − 2
3
R
)
x
G(x, y)
(
C2
)
y
(5)
− β2
8
∫
x
∫
y
(
E − 2
3
R
)
x
G(x, y)
(
E − 2
3
R
)
y
+
3β3 − 2β2
6
∫
x
R2 .
Here we use the notations
∫
x =
∫
d4x
√
g and ∆xG(x, x
′) = δ(x, x′) . Furthermore
∆ = 2 + 2Rµν∇µ∇ν − 2
3
R+
1
3
(∇µR)∇µ , (6)
and Sc[gµν ] is an arbitrary conformal functional. The β -functions in Eq. (5) depend
on the number of fields, N0, N1/2, N1,
 β1− β2
β3

 = 1
360(4pi)2

3N0 + 18N1/2 + 36N1N0 + 11N1/2 + 62N1
2N0 + 12N1/2 − 36N1

 . (7)
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There are many important applications of conformal anomaly and the EA (5)
(see, e.g., Refs. 4, 5, 6), and one of the most clear ones is the Starobinsky model
of inflation7. It is interesting that the EA SEH + Γ¯ind is producing two dS-like
solutions for the homogeneous and isotropic metric (for simplicity we consider only
spatially-flat case k = 0),
ds2 = dt2 − a2(t)dl2 , a(t) = a0 · exp(Ht) (8)
where8
H =
MP√−32pib
(
1±
√
1 +
64pib
3
Λ
M2P
)1/2
. (9)
As far as Λ≪M2P , we meet two very different values of H (we consider Λ > 0)
Hc ≈
√
Λ
3
and HS ≈ MP√−16pib . (10)
The solution with Hc is the one of the theory without quantum corrections. The
second value HS corresponds to the inflationary solution of Starobinsky
7.
Three relevant for us observations are in order.
• First, the expression (5) is an exact EA for the conformally flat metric, including
(8) as a particular case.
• Second, such an exact solution is possible only due to the very special resumma-
tion in the EA, and can not be obtained from the massless conformal fields via the
usual perturbative approach9. The perturbations in curvature tensor and its covari-
ant derivatives will always give us non-localities related to the Green functions of
the quantum fermionic, scalar and vector fields, and not the ones of the universal
conformal operator ∆ from (6).
• Third, nothing similar to the EA (5) is possible in the case of massive fields.
One could think that the effects of massive fields can not be relevant in principle
at the cosmic scale, due to the decoupling phenomenon. However, such a statement
can not be mathematically proved10. In fact, some direct considerations using the
Green functions of massive fields indicate that the quantum effects of such fields
should be negligible, but there are two flaws in such a treatment. First of all, it
is essentially based on the expansion of the metric near the flat background, and
(as we already pointed out here) this approach is not safe for the massive fields.
For example, the conformal parametrization - based calculations give some positive
and in fact reliable output for the case of light massive fields11,8. Furthermore, one
can not rule out that the EA action of massive fields can be subject of a resum-
mation similar to the one which leads to (1) in case of anomaly-induced EA. So,
after all nothing can be ruled out completely and therefore we have a chance to
meet relevant IR vacuum quantum effects. In the rest of this contribution we shall
present a general view on the problem of vacuum quantum effects of massive fields
and also briefly discuss their possible effects in astrophysics and cosmology. Many
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technical details are omitted here, but can be found by the reader in the parallel
papers Refs. 12, 13, 14 and Refs. 15, 16.
2. Covariance arguments for massive fields
The vacuum quantum contributions of massive fields are much more complicated
and interesting, if the low-energy effects are concerned. As we have already men-
tioned above, one has to account for the decoupling phenomenon, however the result
may be different from what one could naively expect.
Let us start from the pedagogical example of QED. In the UV limit the one-loop
corrected action of photon is
− e
2
4
FµνF
µν +
e4
3(4pi)2
Fµν ln
(
− 
µ2
)
Fµν (11)
and we meet a standard Minimal Subtraction (MS) renormalization scheme based
β-function for e(µ). Then, at low energies there is a quadratic decoupling, This
means, in the framework of the Renormalization Group approach, the quadratic
difference between UV and IR β-function,
UV limit p2 ≫ m2 =⇒ β1 UVe =
4 e3
3 (4pi)2
+ O
(m2
p2
)
, (12)
IR limit p2 ≪ m2 =⇒ β1 IRe =
e3
(4pi)2
· 4 p
2
15m2
+ O
( p4
m4
)
, (13)
that is the Appelquist and Carazzone decoupling theorem17.
Similar results can be obtained for gravity, e.g., for a massive scalar field we have
the following UV and IR β-functions for the parameter a1 in the action (4)
18,19:
βUV1 = −
1
(4pi)2
1
120
+O
(
m2
p2
)
= βMS1 +O
(
m2
p2
)
,
βIR1 = −
1
1680 (4pi)2
· p
2
m2
+ O
(
p4
m4
)
, (14)
This is the Appelquist and Carazzone Theorem for gravity, it implies a quadratic
suppression of the running in the IR. The same rule holds also for spin-1/2 and
spin-1 fields for both C2 and R2 terms. All these results were obtained through
the momentum-subtraction scheme, in the flat-space expansion gµν = ηµν + hµν or
in an equivalent perturbative (in curvatures) heat-kernel approach. However, it is
easy to see that in the momentum-subtraction scheme β1/G = βΛ = 0, because
the -dependent form factors like the one of Eq. (11), can not be inserted into the
Hilbert-Einstein and cosmological terms18. At the same time there is no problem
to insert such a form factor into C2 term,
Cµναβ ln
(
− 
µ2
)
Cµναβ .
and similarly to R2 term, that is why we can study the running of the corresponding
parameters in the momentum-subtraction scheme of renormalization.
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From the consideration presented above, it becomes clear why we get an apparent
βΛ = β1/G = 0 in the momentum-subtraction scheme. The reason is that the
expansion gµν = ηµν + hµν is not appropriate for the massive fields case. The
renormalizable theory of massive fields has to include the cosmological constant
term in this case, and then ηµν is not a classical solution anymore. In this situation
the expansion around flat space is not a legitimate procedure. Perhaps the linearized
gravity approach is simply not an appropriate tool for the CC and Einstein terms. If
we perform some other expansion, the output for the βΛ and β1/G can be different,
but this is out of our knowledge at the moment.
As far as the direct theoretical derivation of the quantum effects of our interest
is not possible, we can look at the problem from the phenomenological side. One can
simply make an assumption that some relevant quantum contributions are present,
and then use the covariance arguments to find their form. Later on we will see how
this approach fits also to the Appelquist and Carazzone theorem.
Consider first the cosmological term and perform a derivative expansion in the
EA. The EA Γ[gµν ] can not include odd terms in metric derivatives, just because
it is a covariant scalar. In the cosmological setting this means there are no O(H)
terms, and also no O(H3) and so on20. Hence the covariance arguments give the
formula
ρΛ(H) =
Λ(H)
16piG(H)
= ρΛ(H0) + C
(
H2 −H20
)
, (15)
where C =
3ν
8pi
M2p
(
H2 −H20
)
and the physical sense of the constant parameter ν will de defined later on, in Eq.
(19). Starting from (15) the standard covariance (conservation law) consideration
leads to the relation21
G(H ; ν) =
G0
1 + ν ln (H2/H20 )
, where G(H0) = G0 =
1
M2P
. (16)
From the renormalization group perspective, the identification of scale µ ∼ H is
the most natural in the cosmological setting22,23b. Therefore the last formulas can
be generalized as
ρΛ(µ) = ρΛ(µ0) + C
(
µ2 − µ20
)
. G(µ) =
G0
1 + ν ln (µ2/µ20)
, (17)
where µ0 is the reference scale. We will discuss an identification of µ for the astro-
physical case below.
Before we proceed, it is worthwhile to make a small note on the Cosmological
Constant (CC) Problem25,23. The main relation, from the QFT viewpoint, is that
the observed density of the cosmological constant term is a sum of the two finite
terms, namely of the vacuum and induced one,
ρobsΛ = ρ
vac
Λ (µc) + ρ
ind
Λ (µc) . (18)
bSee Ref. 24 for an alternative treatment.
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where µc ∝ H0 is the late Universe cosmic scale. Here ρobsΛ is the value which is likely
observed in SN-Ia, LSS, CMB etc, to be ρobsΛ (µc) ≈ 0.7 ρ0c ∝ 10−47GeV 4. The
unusual feature of the relation (18) is that the two terms ρvacΛ (µc) and ρ
ind
Λ (µc) in
the r.h.s. are evaluated at the (at least) Fermi scale and therefore have much greater
magnitudes, of at least 108GeV 4. The main CC Problem is that these magnitudes
of are a huge 55 orders of magnitude greater than the sum. Obviously, these two
huge terms do cancel. Here we follow a phenomenological attitude and don’t try
solving the main CC problem. Instead we consider whether CC may vary due to IR
quantum effects of massive matter fields.
It is remarkable that the same equation (17) follows from the assumption of
the Appelquist and Carazzone - like decoupling for CC23. For a single particle the
β-function for ρvacΛ (µ) is
βMSΛ (m) ∼ m4 ,
hence the quadratic decoupling gives
βIRΛ (m) =
µ2
m2
βMSΛ (m) ∼ µ2m2 .
Then the total beta-function will be given by an algebraic sum
βIRΛ =
∑
kiµ
2m2i = σM
2 µ2 ∝ 3ν
8pi
M2P H
2 .
This leads to the same result (15), in the cosmological setting,
ρΛ(H) = ρΛ(H0) +
3ν
8pi
M2p
(
H2 −H20
)
. (19)
It is also remarkable that one can also obtain the same G(µ), Eq. (17), in one
more independent way23,13. Consider MS-based renormalization group equation
for G(µ),
µ
dG−1
dµ
=
∑
particles
Aij mimj = 2νM
2
P , G
−1(µ0) = G
−1
0 =M
2
P . (20)
Here the coefficients Aij depend on the coupling constants, mi are masses of all
particles. In particular, at one loop,
∑
particles
Aij mimj =
∑
fermions
m2f
3(4pi)2
−
∑
scalars
m2s
(4pi)2
(
ξs − 1
6
)
.
One can rewrite Eq. (20) as
µ
d(G/G0)
dµ
= − 2ν (G/G0)2 =⇒ G(µ) = G0
1 + ν ln (µ2/µ20)
. (21)
It is easy to see that we arrived at the same formula (17), which results from covari-
ance arguments and/or from Appelquist and Carazzone-like quadratic decoupling
for the CC plus conservation law. Eq. (21) is the unique possible form of a relevant
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running G(µ). An alternative to this relation is the non-running, that means simply
ν = 0.
From the perspective described above, it is not a surprise that the Eq. (21)
emerges in very different approaches to renormalization group in gravity, including
higher derivative quantum gravity26,27; non-perturbative quantum gravity with
(hypothetic) UV-stable fixed point28 and semiclassical gravity29,30.
As far as we arrived at the two relations (15) and (16) in the cosmological setting,
it is natural to construct cosmological models based on these formulas. The first
steps in this directions has been done in Ref. 31 where the cosmological models
with energy matter-vacuum exchange and constant G were constructed in Ref. 21,
where the cosmological model without matter-vacuum exchange was constructed
by assuming the scale-dependence running (16) for G. In this presentation we will
not describe the details of these models. Let us only mention that the density
perturbations were explored for these models by different methods32,33,34,35. In
particular, the result of Ref. 35 implies that the possible quantum contributions
(17) do not really affect the power spectrum of the cosmological model, such that the
last remains almost the same as in the classical case. We will discuss the importance
of this result in Sect. 4.
3. Galaxies
If the quantum effects parametrized by Eqs. (17) really take place and are relevant
even at the scale of the whole universe, they can manifest themselves also at the
astrophysical scale. What could be an interpretation of µ in astrophysics?
Consider the rotation curves of galaxies. The simplest assumption is µ ∝ 1/r, and
this identification has been applied for the point-like model of galaxy in Refs. 36,
37 and Ref. 21. In fact, the method suggested in Ref. 21 (see also Ref. 12) is
quite general, and can be used for various identifications of µ. The main idea is to
consider a weakly varying
G = G0 + δG = G0(1 + κ) |κ| ≪ 1 (22)
and perform a conformal transformation
g¯µν =
G0
G
gµν = (1 − κ)gµν . (23)
It is easy to see that in the first order in κ the metric g¯µν satisfies usual Einstein
equations with constant G0.
The nonrelativistic limits of the two metrics are
g00 = −1− 2Φ
c2
and g¯00 = −1− 2ΦNewt
c2
, (24)
where ΦNewt is the usual Newton potential and Φ is a potential of the modifies
gravitational theory.
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For the nonrelativistic limit of the modified gravitational force we obtain, in this
way,
− Φ,i = −Φ,i
Newt
− c
2G,i
2G0
. (25)
The formula (25) is very instructive. Quantum correction comes multiplied by
c2 and therefore it does not need to be very big to make real effect even at the
galaxy scale. For a point-like model of galaxy and µ ∝ 1/r it is sufficient to have
ν ≈ 10−6 to provide the flat rotation curves21. At the same time ref. (25) shows
that it not a really good choice for a non-point-like model of the galaxy. The reason
is that this identification produces the “quantum-gravitational” force even if there
is no mass at all.
What would be the “right” identification of the renormalization group scale
parameter in the almost-Newtonian regime? Let us come back to the (QFT). Then
it is clear that µ must be associated to some parameter which characterizes the
energy of the particle which is transmitting gravitational interaction. Of course,
µ ∝ 1/r is not the right choice.
The phenomenologically good choice is
µ
µ0
=
(ΦNewt
Φ0
)α
, (26)
where α is a phenomenological parameter which can be distinct for different spiral
galaxies. We have found that α is nonlinearly growing with the mass of the galaxy.
From the QFT viewpoint the presence of α reflects the fact that the associa-
tion of µ with ΦNewt is not an ultimate choice. Remember that the vacuum EA
is a relativistic object and taking ΦNewt as a scale definitely ignores some relevant
information. With greater mass of the galaxy the “error” in identification becomes
greater too, hence we need a greater α to correct this. Furthermore, if α increase
with the mass of the galaxy, it must be very small at the scale of the Sun system
and of course at the scale of laboratory, when the Newton law is better verified.
Finally, the recently-proposed regular scale-setting procedure gives the very same
result38.
In Ref. 12 we applied the RGGR model to nine disk galaxies (including high and
low surface brightness galaxies) from two sample of data39–40. We have also com-
pared our results to three other models: a model with a dark matter halo given by
the phenomenologically successful (pseudo-)isothermal profile; the Modified New-
tonian Dynamics (MOND)41 (in its original form); and the Metric Skew Tensor
Gravity (MSTG)42. For the shape of the rotation curve, the RGGR model has
in general achieved lower χ2 and χ2
reduced
than MOND and MSTGc. Considering
the expected mass to light ratio, as inferred from the Kroupa initial mass function
(IMF) as derived in Ref. 39, the RGGR model has achieved better results than all
cThe isothermal profile has one more free parameter than RGGR, while the latter has one more
free parameter than MOND and MSTG.
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the other proposals.
Since the results were very good, we are both extending our sample of disk galaxies15
and applying RGGR to elliptical galaxies16. This is important both to show that
RGGR can indeed work for a larger sample and to unveil, in particular, the behavior
of the α parameter from system to system.
Besides testing RGGR in a larger sample of disk galaxies, we are also testing the
robustness of the model results once different assumptions on the baryonic matter
are done. In particular, while at Ref. 12 we used exponential approximations to
the matter distribution of all galaxies at all radii, we are modeling again some of
the previous galaxies but using the photometric data up to the radius such data is
known. An example of the newer results can be seen in Fig. 1. Comparing this result
with the corresponding one in Ref. 12, it can be seen that there is no considerable
difference in both the shape and the inferred parameters for this case (apart from the
shape of the central region, which poses difficulties to any model39). For this galaxy
(whose data come from Ref. 39), the inferred mass-to-light ratio and the value of αν
are essentially the same of those found in Ref. 12 (Y 3.6
∗
≈ 0.8 and αν ≈ 1.7× 10−7,
with χreduced = 1.9). In the same figure, from exactly the same data, we also show
the result of applying MOND in its original form (Y 3.6
∗
≈ 0.7 L⊙M⊙ , χreduced = 5.5).
The discrepancy found from MOND directly applied to the NGC 3198 current data
is a well known issue, see in particular the recent comments in Ref. 43.
Figure 2 shows the application of RGGR to the mass modeling of the giant elliptical
galaxy NGC 4374, using the same data of Ref. 44. To derive this dispersion curve,
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Fig. 1. NGC 3198 rotation curve fits. On the left is the fit with the original MOND
prescription, and on the right the RGGR model. The upper dots and its error bars are the
rotation curve observational data. The lower dots with error bars are the residues of the
fit. The solid black line for each model is its best fit rotation curve, the dashed curves are
the stellar rotation curves, the dotted curve is the gas rotation curve, and the dot-dashed
curve is the resulting Newtonian rotation curve (both without dark matter).
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Fig. 2. RGGR mass modeling of the giant elliptical galaxy NGC 4374. The stars with
the error bars are the velocity dispersion (VD) data found from the stellar photometry.
The filled circles with error bars are the velocity dispersion data found from more than
450 planetary nebulae. The upper curve is the resulting best fit VD curve for the RGGR
model. The descending line at the bottom is the stellar VD curve, while the crescent curve
is the additional (non-Newtonian) RGGR contribution to the dispersion. The square of
the last two is equal to the square of the resulting (upper) curve.
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Fig. 3. A preliminary plot showing how the parameter α varies from galaxy to galaxy,
considering their baryonic (stellar and gaseous) masses alone. Since galaxy dynamics is
only sensible to α through the product αν, in the above the total baryonic mass of 15
galaxies are plotted against αν; 14 of them are disk galaxies (depicted by circles), and one
is a giant elliptical galaxy (NGC 4374), depicted by a square. There are two lines in the
above plot that are almost identical. Both were derived from the best fit of α = a Massb,
where a and b are constants, but one of them considering only the disk galaxies and the
other all the 15 galaxies. For this range of masses, b ≈ 1 is a solution of the fit, regardless
whether the elliptical NGC 4374 is part of the data or not.
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it is only necessary to replace the effective potential in the Jeans equation by the
RGGR potential derived from the stellar density16. The resulting fit is very good:
assuming constant anisotropy (constant β in the Jeans equations), the RGGR model
automatically leads to β ≈ 0.1 (i.e., close to isotropic), to a mass-to-light ratio in
perfect agreement with the Kroupa IMF44, Y V
∗
≈ 4 L⊙M⊙ , να ≈ 15× 10−7 (in agree-
ment with its expectation of becoming larger for larger masses) and χreduced = 1.0.
In order to start to disclose the parameter α relation to the system mass, we
show our partial results in the Fig. 3. The result shown in this plot is consistent with
the bound |αν| < 10−17 for the solar system, which was recently derived for the
Solar system in Ref. 13 by using the weak non-conservation of the Laplace-Runge-
Lenz vector. Further details concerning the analysis of all worked out galaxies will
be available soon in Ref. 15.
4. Cosmological applications
It looks like we do not need CDs to explain the rotation curves of the galaxies.
However, does it really mean that we can really go on with one less dark compo-
nent? Maybe at the end of the day the answer will be negative, but it is definitely
worthwhile to check such a possibility.
It is well known that the main requests for the DM come from the fitting of the
LSS, CMB, BAO, lensing etc. However there is certain hope to replace, e.g., ΛCDM
by a WDM, e.g., by sterile neutrino with much smaller ΩDM . So, the idea it to
trade the set of (ΩBM , ΩDM , ΩCC) from the conventional (0.04, 0.23, 0.73) to
(0.04, 0.0x, 0.9(1 − x)) with a relatively small x. Such a new concordance model
would have less relevant coincidence problem, and in general such a possibility is
interesting to verify. The first move in this direction has been done recently in
Ref. 14 by using the Reduced Relativistic Gas (RRG) model.
The RRG model is a Simple cosmological model of a universe filled by ideal
relativistic gas of massive particles45. As an approximation we assume that all of
these particles have the same kinetic energy. The Equation of State (EOS) of such
gas is46,45
P =
ρ
3
[
1−
(mc2
ε
)]2
=
ρ
3
(
1− ρ
2
d
ρ2
)
. (27)
In this formula ε is the kinetic energy of the individual particle, ε = mc2/
√
1− β2.
Furthermore, ρd = ρ
2
d0(1 + z)
3 is the mass (static energy) density. One can use one
or another form of the equation of state (27), depending on the situation. The nice
thing is that one can solve the Friedmann equation in this model analytically. The
deviation from Maxwell or relativistic Fermi-Dirac distribution is less than 2.5%. It
is amusing that the same EOS has been used in Ref. 46 by A.D. Sakharov in 1965
to predict the oscillations in the CMB spectrum for the first time.
In Ref. 14 we have used RRG without quantum effects to fit such sets of
observational data as Supernova type Ia (Union2 sample), H(z), CMB (R factor),
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BAO and LSS (2dfGRS). Taking all these tests together we confirm that the ΛCDM
is definitely the most favored model. As far as we tried the model without quantum
effects, this output can be seen as a successful test of RRG and nothing else.
However, there is a very important extra detail which concerns the LSS part
alone. In this case we met the possibility of an alternative model with a small
quantity of a WDM. This output is potentially relevant in view of the fact that
(as we have already emphasized above) the LSS is the only test which can not be
affected by the possible quantum renormalization-group running in the low-energy
gravitational action. Let us present here a few details of the results of Ref. 14.
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Fig. 4. The probability density function using 2dFGRS for Ωm0(left). To build the PDF we
marginalize the free parameters considering the intervals: Ωdm0 ǫ [0.05, 0.95] and b ǫ [0.001, 0.4],
for each case. As we can see the model is included,i.e, the first figure shows that for a Ωdm0 ≈ 0.25
corresponds to a b ≈ 0. Confidence regions at 1-σ, 2-σ and 3-σ levels(right) from inner to outer
respectively on the (Ωdm0 , b) plane for our relativistic model in the flat case.
The cosmological model based on RRG with the presence of the cosmological
constant admits an analytic solution for the energy density. This solution does
interpolates between the radiation-dominated and the matter-dominated eras46,45.
It can represent a warm dark matter(WDM), characterized by the parameter, b =
β√
1+β2
.
In Ref. 47 the model was successfully used to make a analysis of density per-
turbations and comparison with the 2dFGRS data. Using the RRG model to derive
and analyze density perturbations at the linear level one arrives at the conclusion
that the upper bound for the warmness parameter is b ≤ 3−4×10−5. It is about two
order of magnitude smaller than the escape velocities for the spiral galaxies. This
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result was similar to those obtained using non-analytical models of WDM based on
the system of Boltzmann-Einstein equations.
As we have already mentioned, in Ref. 14 the model has been tested using four
Supernova type Ia (Union2 sample), H(z), CMB (R factor) and BAO. Moreover, a
detailed study of structure formation at linear level has been performed using the
2dFGRS data for matter power spectrum. The different tests have been crossed in
order to obtain a more clear evaluation for the free parameters, which are essentially
the velocity parameter for the dark matter particles b and the dark matter ratio to
the critical density Ωdm0. All the analysis has been performed using the flat universe
prior. In general, we confirm that ΛCDM is the most favored model. However, for
the LSS data the maximum probability for Ωdm0 occurs at a zero value. This seems
to be a consequence of the restriction of the analysis to a linear level, since a certain
amount of dark matter is necessary in order to have the formation of structure
process. In any case, a small amount of dark matter is certainly admitted much less
than that predicted by the ΛCDM model. The results are shown in Fig. 1. Therefore,
for the 2dFGRS data alone we met the possibility of an alternative model with a
small quantity of a WDM. This output is potentially relevant in view of the fact
that the LSS is the only test which can not be affected by the possible quantum
renormalization-group running in the low-energy gravitational action.
5. Conclusions and discussions
The evaluation of quantum corrections from massive fields is, to some extent, re-
duced to existing-nonexisting paradigm. There is no theoretical way to prove or
disprove the existence of such quantum corrections10 and on has to rely on faith
or use phenomenological approach, that means simply assume the existence of such
quantum corrections and check their possible consequences. In this way we arrive
at the cosmological and astrophysical model with one free parameter plus certain
freedom of scale identification. It turns out that the rotation curves of all tested
galaxies can be described by the G(µ) formula. The situation with clusters and
other tests, especially CMB and gravitational lensing, remains unclear, because it
was not explored at all. At the same time, we have a very strong positive signal
from the analysis of the LSS data. The power spectrum tests are almost not sensible
to the G(µ) running and, exactly in this case, we meet an alternative to ΛCDM in
the zero-order approximation14.
Finally, we can conclude that there is still some (albeit they can be evaluated
to be small) chance that the vacuum effects of QFT in an external gravitational
field play more significant role in our Universe that we usually think. In particular,
we gain a chance to resolve the so-called coincidence problem for the CC in a
qualitatively new way. This problem consists in the question of why our Universe is
such that the cosmic acceleration has started only recently. However, if the present-
day ΩCC is more than 0.9, the moment when this acceleration starts move essentially
back to the past and there is no such question. Of course, many tests of the possible
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cosmic-scale effects of quantum corrections are necessary before one can think about
this solution seriously, but the results of preliminary studies described here indicate
that the subject is interesting and it is worthwhile to study it in more details, from
both phenomenological and theoretical sides.
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